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Figure 1.1.4: Typical flow region for Example 1.1.4.

Subscripts denote partial differentiation and p, m and n, e, and p are the fluid density,
the x and y components of the momentum per unit volume, the total energy per unit
volume, and the pressure, respectively. The z and y components of the velocity vector,

u and v, are related to the components of the momentum vector by

m = pi, = g, L8}
Finally, the pressure must be related to p, m, n, and e by an equation of state, which,
for a perfect gas, is

p=(y-1le— (m*+n?/2p)] (1.1.6)

where v is a constant. Equations (1.1.4a), (1.1.4b), (1.1.4c), and (1.1.4d) express the
physical conditions that the mass, the & component of momentum. the y component of
momentum, and the energy of the fluid, respectively, are conserved during its motion. A
typical problem involving the flow around an airfoil is shown in Figure 1.1.4. The bound-
ary conditions for this example would state that the momentum vector must be tangent

to the airfoil and that flow conditions far from the airfoil are uniform and prescribed.

1.2 Second-Order Partial Differential Equations

Mathematicians classify partial differential systems according to the order of their highest

derivatives, the number of independent variables, and the number of dependent variables.
—

Other properties, such as linearity, are also used for characterization. Thus, Examples

1.1.1, 1.1.2, and 1.1.3 are second-order, linear, scalar problems in two variables while

Example 1.1.4 is a first-order. nonlinear, vector system in the three variables x, y, and
—_______————_——\



1.2. Second-Order PDEs E

t. We'll consider first-order problems in Section 1.3 and examine second-order problems

here. In particular, we'll focus on a linear. scalar. partial differential equation in two

. . — Sm—
variables having the form
—
Llu] = atigy + 2buyy + cuy, + du, + euy + fu =g, \ (1.2.1)
where a. b, ..., g are continuous functions of z and y and subscripts denote partial

differentiation, e.g., u, = du/dx.

Such second-order equations are classified into three types depending on the roots
q

—b+Vb? - ac
a

of the characteristic equation

al? + 20\ + ¢ = 0. (1.2.9b)

In particular, (1.2.1) is
® hyperbolic if X, Ay are real and distinct, e, it —ac>0, -/
e clliptic if A\j, Ay are complex, i.e., if b*> — ac < 0, and /
e parabolic if A\ = Ny, i.e., if b — ac = 0. W

Ezample 1.2.1. A problem can be of a different type in different spatial regions. The

equation

Mgy + Uy = 10, (1.2.3)

has a =z, b =0, and ¢ = 1; thus,/b? — a¢ = —z/and (1.2.3) is hyperbolic in the left-half

plane (x < 0), elliptic in the right-half plane (z > 0), and parabolic on the line z = 0,

There are canonical partial differential equations of each type that are important for
theoretical reasons and when developing practical numerical methods. The canonical
hyperbolic equation is (1.2.1) with a = Le=-1lb=d=e=f=g=0,o0r

0.
Uy = Ty =1, X{\ﬂ]’“)" 3 W Mﬁl (1.2.4)
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1.2. Second-Order PDEs 9

and (1.2.12a) becomes

20

8 2 3, .
Ui, t) = Z oy e ¥ T hgin ko (1.2.13)
=il

]

With this initial data, (1.2.13) is formally converging as O(1/k?). In general, the Fourier
series converges as O(1/k*?) if ¢(x) € C'*. Thus, even (some) discontinuous data leads
to convergent Fourier series [3].

[t will not be possible to obtain Fourier series or other explicit solutions to practical

e ——.
(variable-coefficient or nonlinear) problems. Nevertheless, we can obtain information

about the solution without much effort. Let us, for example, obtain an estimate of the

———

behavior of the solution in the £? norm, which, for (1.2.10), is defined as

-9

1/2

lu(-,t)|| = ['/Olu(;r,t)zdlrJ . (1.2.14)

Multiplying (1.2.10a) by u and integrating on (0, 1), we find

1 1
/ wde = / UGt
0 0

, ar’fg .
This may be written as J/ I'V’ﬁ/ '5{[;0 ’ lo*? r

d M 1 1
—— / ulde = / (utty)zdz — / uidr
dt Jo Jo 0

Ll o s i /1 5
——llul-, t)||5 = uugl; — W,
-l =l = [ u

Using the boundary conditions (1.2.10¢)

(NG

or. using (1.2.14)

d N
Sl = -2 / i

0

Since the integral on the right is non- vositive, the £2 norm of the solution is a, decreasing
, g

function of ¢. The decrease is due to the presence of the Ugy term in (1.2.10a), which we
D EE—— ———

call dissipative.
N 45 A
Problems

1. ([1], Section 10.7.) Find the Fourier-series solution of Laplace’s equation

Ugy + Uyy = 0
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on the rectangle 0 < 2 < a, 0 < y < b, satisfying the boundary conditions
wQy) =0, wla, ) =0, 0<y<b,

ulis; 0)=10, u(z, by ='g(z), 0 << d.
Additionally, find the solution in the particular case when

) @ 0<x<a/2
UNEEAIE e i1, G2 <@

. ([5], Section 8.) Find where the following partial differential equations are hyper-

bolic, parabolic, and elliptic:

ralu, p 0%u i Pap.
" 02 yaxay oy?

0,

Pu  u
2 Lot
T ——ay2 - +u =0,

821L+2 0%u 5 82u+8_u_0
e 0x:0y y8y2 0

. Under suitable assumptions [2] the equations of two-dimensional, compressible,

steady, inviscid flow ((1.1.4) with all time derivatives set to zero) can be reduced

to the simpler system
(a® — u?)uy — wv(uy + v,) + (a® — v?)v, = 0,

Uy — Uy = 0.

Once again, u and v are the Cartesian coordinates of the velocity vector and a is

the speed of sound

R e e

with ag being the speed of sound when v = v = 0 and v > 1 being a constant.

Introducing a potential function ¢(z,y) such that

U = ‘rbma U= ¢y



1.3. Hyperbolic Conservation Laws 1

we satisfy the second partial differential equation and “reduce” the first to the

transonic full-potential equation
(a’2 = ¢§)</5u S 2¢J:¢y¢zy St ((LQ == ¢§)¢yy = 0.

Although this is a complicated nonlinear second-order differential equation, it can
still be classified as hyperbolic, parabolic, or elliptic. However, with nonlinear
equations, the type may depend on the unknown solution. Determine the type of
the transonic full-potential equation. Express your answer in terms of the Mach

number
e Wsa? | Oty

2
M 2 =

4. Show that the £? norm of the solution of Burgers’ equation
Up + Uy = OUgy, 0<z <1, t >0,

where o is a positive constant, is a decreasing function of time when the initial and

boundary conditions are
Wl 0) = bz 0= w1,

w0, 7)== (1) =0, 1 =0

1.3 Hyperbolic Conservation Laws: Characteristics,
Shock Waves, and Rankine-Hugoniot Conditions

A conservation laws states that the total amount of some quantity remains unchanged
during the evolution of the solution according to the partial differential equation. In phys-
ical processes without dissipation, these quantities might be the total mass, momentum,
and energy. In this introductory chapter, let us confine our attention to conservation
laws in one space dimension which typically have the form

d B

% udz = —f(u)|f = —f(u(8,1)) + f(u(a, 1)), (1.3.1)





